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Abstract 


In our work in this paper, we define intuitionistic fuzzy complex subgroups with respect to t-norm T and s-norm S and 
investigate some properties of them in detail. Next, we obtain some results about them and give some relationships 
between them. Later, we introduce the inverse, composition, intersection and normality of them and we prove some 
basic new results and present some properties of them such that the inverse and composition of two intuitionistic fuzzy 
complex subgroups with respect to t-norm T and s-norm S will be intuitionistic complex fuzzy subgroups with respect 
to t-norm T and s-norm S. Also we consider and give some characterizations of them. Finally, we discuss them under 
group homomorphisms and investigate some related properties such that the image and preimage of two intuitionistic 
fuzzy complex subgroups with respect to t-norm T and s-norm § will be intuitionistic complex fuzzy subgroups with 
respect to t-norm T and s-norm S. 


Keywords: Group theory, Theory of fuzzy sets, Intuitionistic fuzzy complex groups, Norms, Homomorphisms, 
Intersection. 


1 | Introduction 


E® In mathematics, fuzzy sets (uncertain sets) are somewhat like sets whose elements have degrees of 
Licensee Journal 


: membership. The concept of fuzzy sets was introduced by Zadeh [1] in 1965. Atanassov [2] innovated 
ere eae and | the theory of Intuitionistic Fuzzy Sets (IFS) as a powerful extension of classical fuzzy sets. This 
sntidleie an opel anéeed particular theory has been a great source of inspiration for many mathematicians in various scientific 
article distributed under_ | fields like decision making problems [3] and medical diagnosis determination [4]. Roenfeld [5] started 


the terms and conditions | the investigation of fuzzy subgroups and found numerous essential properties of this concept. Biswas 
of the Creative Commons | [6] started the conception of intuitionistic fuzzy subgroups in 1997. A new concept of complex fuzzy 


Attribution (CC BY) sets was presented by Ramot et al. [7]. The extension of fuzzy sets to complex fuzzy sets is comparable 


Heenee to the extension of real numbers to complex numbers. The more development of complex fuzzy sets 
http: ti : : : : F : Ps eh 
¢ aa eee" | can be viewed in [8]. Alkouri and Salleh [9] gave the idea of complex intuitionistic fuzzy subsets and 
org/licenses/by/4.0). . : . . . : 
enlarge the basic properties of this phenomena. This concept became more effective and useful in 


scientific field because it deals with degree of membership and non-membership in complex plane. 


They also initiated the concept of complex intuitionistic fuzzy relation and developed fundamental 
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operation of complex IFSs in [10]. Al-Husban and Salleh [11] introduced the concept of complex fuzzy 
subgroups in 2016. Ali and Tamir [12] innovated the notion complex intuitionistic fuzzy classes in 2016. 
The author by using norms, investigated some properties of fuzzy algebraic structures [13-15]. In Section 
2, we recall the elementary notions which will be needed in the sequel. Next, in Section 3, we define 
intuitionistic fuzzy complex subgroups with respect to t-norm T and t-conorm S (in short, IFCN(G)) of G 
and investigate properties of them as Propositions 2 and 3. Later, in Section 4, we introduce composition, 
inverse and intersection of two elements A, BeEIFCN(G) and we prove that AoBeIFCN(G) and 
ANBeIFCN(G) under some conditions. Also in Section 5, we define normality of two elements 
A,BeIFCN(G) and discuss some properties of them. Finally, in Section 6, we investigate image and pre 


image of them under group homomorphisms. 
2 | Preliminaries 


We recall first the elementary notions which play a key role for our further analysis. This section contains 
some basic definitions and preliminary results which will be needed in the sequel. For details we refer to 
[2, 7, 9], [16-21]. 


Definition 1. A group is a non-empty set G on which there is a binary operation (a,b) as ab such that 


I. If aand b belong to G then ab is also in G (closure). 
Il. a(bc)=(ab)c for all a, b, c €G (associativity). 
III. There is an element eGéG such that aeg=eca=a for all a€G (identity). 
IV. If a €G, then there is an element a? €G such that aat=a™a=ec (inverse). 


One can easily check that this implies the unicity of the identity and of the inverse. A group G is called 
abelian if the binary operation is commutative, i.e., ab = ba for all a,b €G. 


Remark 1: There are two standard notations for the binary group operation: either the additive notation, 
thatis a, b)=a+b in which case the identity is denoted by 0, or the multiplicative notation, that is a, b)=ab 
for which the identity is denoted by e. 


Definition 2. Let G be an arbitrary group with a multiplicative binary operation and identity e. A fuzzy 


subset of G, we mean a function from G into [0,1]. 


Definition 3. For sets X,Y and Z, f=(f,, f2) :X—YxZ is called a complex mapping if f):X— Y and fy :X >Z 
are mappings. 


Definition 4. Let X be a nonempty set. A complex mapping A=(t14, $4) :X—[0,1]x[0,1] is called an IFS 
in X if ut 84 <1 where the mappings ty :X—[0,1] and 9, :X—[0,1] denote the degree of membership 
(namely p4(x)) and the degree of non-membership (namely 94(x)) for each x€X to A, respectively. In 
particular O_ and 1_ denote the intuitionistic fuzzy empty set and intuitionistic fuzzy whole set in X defined 
by 0_(x) = (0,1) and 1_(x)=(0,1), respectively. We will denote the set of all IFSs in X as IFS(X). 


Definition 5. Let X be a nonempty set and let A=(u,, $4) and A=(tp, Sg) be IFSs in X. Then 


I. ACB iff Ha < Up and Sa = Sp. 
ll. A=B iff ACBand Bc A. 


Definition 6. Let X be a nonempty set. A complex fuzzy set A on X is an object having the form A = {(x, 
Ha(x))x €X}, where uw, denotes the degree of membership function that assigns each element x € X a 
complex number jz 4(x) lies within the unit circle in the complex plane. We shall assume that is 4 (x) will 


be represented by rages” where i=V-1, and r:X— [0,1] and w: X > [0,27]. Note that by setting 


w(x) =0 in the definition above, we return back to the traditional fuzzy subset. Let u,=r,e”1, and 
[2=rze2 be two complex numbers lie within the unit circle in the complex plane. By py, < U2, we mean 
1, Sr2and w; < w2. 


Definition 7. A complex IFS A, defined on a universe of discourse U, is characterized by membership 
and non-membership functions 1, x) and y, x), respectively, that assign any element x € Ua complex- 
valued grade of both membership and non-membership in S. By definition, the values of tz, x) and 
ya xX) and their sum may receive all lying within the unit circle in the complex plane, and are on the form 


ua X)=rq x)e'"4”) for membership function in S and y,4 x)=k, x)e"™’4” for non-membership 
function in A, where i=-1, each of r ‘4 X) and k, x) are real-valued and both belong to the interval [0,1] 


such that O< ra x)+ k, x)S 1 and iw,,, x) and iw,, y are real-valued. 


UA 
Definition 8. A t-norm T is a function T:[0, 1]x[0, 1]—[0, 1] having the following four properties: 
I. T x,1)= x (neutral element). 
Il. Tx, y)S T x, z)if y < z (monotonicity). 


I. Tx, y)=T y, x) (commutativity). 
IV. 1(x,T y, Z))= T T x, y), Z) (associativity). 


For all x, y, z € [0, 1]. 
It is clear that if x;>xy and y,;>y», then T x1, y,)>T Xz, yo). 
Example 1. 


I. Standard intersection T-norm T,,, x, y)=min|x, y} 


II. Bounded sum T-norm T, x, y)=max{0, x+y- 1}. 
Il. Algebraic product T-norm T,, x, y)= xy. 


IV. Drastic T-norm. 


Tp x%y)=4x if y=1, 
0, otherwise. 
V. Nilpotent minimum T-norm. 


Tym %y)= a y}, if xt+y>1, 


i otherwise. 
VI. Hamacher product T-norm. 
0, if x=y=0, 
= x 
TH, %Y)=)"*) otherwise. 
X+y-xy 


The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise largest t-norm: 
Tp XY)S T x, YS Tm X, y) for all x, ye[0, 1]. 


Recall that t-norm T will be idempotent if for all x € [0,1], we have T x, x)= x. 


Lemma 1. Let T be a t-norm. Then 
T(T x,y), T w, z))=T(T x, w),T y, 2)), forallx, y, w, z €[0, 1]. 


Definition 9. An s-norm S is a function S:[0, 1]x[0, 1]-[0, 1] having the following four properties: 


I. Sx, O)=x. 
IL Sx, y)<S x, z) if yS z. 
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Ill. S(x, y)=S(y, x). 
IV. 5(x, Sy, 2))=S(S(x, y), 2) 


For all x, y, z€[0,1]. 
We say that S is idempotent if for all xe[0,1], S(x, x) = x. 


Example 2. The basic S-norms ate 


Sm(x, y) = max{x, y}, 
Sp(x, y) = min{1, x + y}, 
and 
Sp X, Y= Xty-xy, 
For all x, ye[0,1]. 


S,, is standard union, S; is bounded sum, S,, is algebraic sum. 
Lemma 2. Let S be a s-norm. Then s(s x, y), Sw, z))= s(s x, Ww), Sy, z)), for all x, y, w, z€[0,1]. 
Proposition 1. Let G be a group. Let H be a non-empty subset of G. The following are equivalent: 


I. H isa subgroup of G. 
Il. x, y€H implies xy *€H for all x, y. 


Definition 9. Let H be subgroup of group G. Then we say that His normal subgroup of Gif for all g €G 
and h € H, we have that ghg7éH. 


Definition 10. Let G and H be any two groups and f:G—H be a function. Then f is called a 
homomorphism if f xy)=f x)f y) for all x, y €G. 


3 | Intuitionistic Fuzzy Complex Subgroups with Respect to Norms (t- 
Norm T and s-Norm S) 


Definition 11. Let Gbe a group such that 4 = r,e’4 and $, = r,e'A be two complex fuzzy sets on G. 
An A= py, 8,)EIFS G) is said to be intuitionistic complex fuzzy subgroup with respect to norms( t-norm 
T and s-norm S) (in short, IFCN(G)) of G if 


I Ra xy)2T(r4 x),Ta y)). 

IL. ra(x?)>r4 x») 

Ul. Wy xy)2min|w x), Wa y)}. 

TY; Wa(x7)2wa x). 

V. Ra xy)<S(r4 x), TA y))- 

VI. Ra(x?)srq x). 
VIL Wy, xy)S max{w x), WA y)}. 
VIL. Wa(x7)<weg x). 


For all x, yeG. 


Example 3. Let G = {0, a, b, c} be the Klein’s group. Every element is its own inverse, and the product 
of any two distinct non-identity elements is the remaining non-identity element. Thus the Klein 4-group 
admits the elegant presentation a? = b’ = c?= abc = 0. Define r, : G > [0, 1] by 


0.75, ifx=a, 
0.65, ifx =b, 
Ta X)=40.55, ifx=c, 
0.45, ifx =0, 


and wy, :G- [0, 2m] by 


0.457, ifx=a, 
0.457, ifx =b, 
Wa X)=4 0.551, ifx=c, 


0.6571, ifx =0. 


0.25, ifx=a, 

0.35, ifx=b, 

Ta X)=4 0.45, ifx=c, 
0.55, ix=0, 

and wy, :G- [0, 27] by 

0.5571, ifx =a, 

0.5571, ifx=b; 

WaA= 40.4571, ifx=c, 
0.3571, ifx =0. 


Let T(a, b) =T,(a,b)=ab and S(a, b) =S,(a, b) = atb-ab for all a,b [0,1], then A= pg, 94) € 
IFCN G). 


Proposition 2. Let A = py, 84)EIFCN G) and Tand S be idempotent. Then for all x EG andn>1, 


I. A(e) 2 A(x). 
IL. A(x) 2 A(x): 
Il. A(x) = A(x?). 


Proof: As uy, =rge'”4 € ICFN(G) so 


J 


ra(e) =ra(xxt) = T(ra(x), ra(x)) = T(ra(x), ra(x)) = ra), 
and 
wa(e) = Wa(xx") > min{wa(x),wa(x7)} = min{w a(x), wa(x)} = wax), 
and then 
pale) =ra(ejea® > ra(xjea™ = a(x). (a) 
Also 
wa(e) = Wa(xx7) < max{w a(x), wa(x7)} < max{w a(x), wa(x)} = wa(x), 
and so 
Sa(e) =ra(ejei¥4®) <ra(xjeiWA*) = 9a(x). (b) 


Now from Eqs. (a) and (b) we obtain that 


Il) 
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A(e) = (Hale), Sa(e)) 2 (Had, Sax) = AQ). 


IL. 

Cre) St, x >T(ra X),, X),--0a(X))=ta(x), 
and 

wa(x")= wa sx >min{ wa x),Wa X),...Wa(x)}=wa(x), 
and so 

Ha X™)=raq xmea%") > rq xe”) = pL x). (a) 
Also 

raA(x™"=Lra x <S{ra xX), X),--0A(X)}=ra(x), 
and ; ; 

wa(x")=Wwa x <max{wa, X),Wa X),...,Wa(x)}=wa(x), 
and 


9a x™=raq x™eiWax") <r, xjeiWa%) = Gy x). (b) 
Now using Egs. (a) and (b) give us 
Ax)= (ua xP), 9a x7) (Ha x), 9a x))= A x). 
Il. As 


s 
Ta X)= ra(x*) 2 ra(xt)2rq x), 


and so r, Ht) and as 

Wa X)= wa(xt) > wa(x7)> Wa X). 
Then wy, x)= wa(x7). Then 

pa(xt)= ra(xt)eival)— ta xjeiVA™) =U, x). (a) 
Now 


l 
ra X)= r(x) < ra(x*)< Ta X), 


s0742)= fale) and as 


l 
Wa X)= wa(x7) < wa(x")<wa x), 


SO Wy X)= w(x). Then 


Il) 


9q(xt)= ra(xtjewal)— TA x)jeiwa x) = Sa x). (b) 
Thus from Egs. (a) and (b) we give that J. Buzzy, Ext. Appl 
A(x) = (La x™),8a(7)) = (Had, Sa(X)) = AQ). 98 


Proposition 3. Let A = py, 94)EIFCN G) and T and S be idempotent. Then A(xy)=A(y) if and only 
if A(x)=A(e) for all x, yeG. 


Proof: As A xy)=A y) for all x, yEG so if we let y=e, then we get that A x)= A e). 


Conversely, suppose that A x)=A e) so from Proposition 2, we get that A x)DA y) and A x)D A xy). 
Then rg x)>r,q y)and ry, x)>r,q xy) and wy, x)> Wa, y),Wa xy). Also rq x)S ra y) andr, x)< ra xy) 
and w, x)< Ww, y) and wy x)S wy xy). 


Now 


Ta Xy)> T(r, xara y)) 

2 Ts WY )eTA y)) 

=f, y)= r(xtxy) 

Po T(r, x), TA xy)) 

= T(ra XY) 0A xy)) 

=Ta Xy), 
and then 

ra Xy)=Ta y)- (a) 
Also 

Wa xy)= min{w a XxX), WA y)} 

>min|w y)),Wa y)} =Wa y)= wa(xtxy) 


Pad min{w a xX), WA xy)| 
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> min{w A Xy)Wa xy)| 


= Wa Xy), 
and then 

Wa Xy)=Wa Y)- (b) 
Therefore from Eqs. (a) and (b) we obtain that 

La xy)= ra xy)e”A Y= ray y)eiWay =p, y). ©) 
Also 


ra xy)s S(ra x), Ta y)) 
<S(ra y)ta y)) 
=f, y)= r(xtxy) 
< S(ra 0A xy)) 
< S(ra xy),TA xy)) 
=Ta Xy), 
Then 
Ta Xy)=Tfa y). (d) 
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Also 


Wa Xy)< max{w x),Wa y)| 
s max{w a y),Wa y)} 

=Wa y)= wa(xtxy) 

< max{w x),Wa xy)| 


< max{w A XY) Wa xy)| 


= Wa xy), 
and then 

Wa Xy)= Wa Y)- ) 
Therefore from Egs. (d) and (e) we obtain that 

Sa xy)=ra xy)eA Y= ra yea) =9q y). (f) 


Now as Eqs. (c) and (/) we get that 
A(xy) = (Halxy),Sa(xy)) = (aly), Say) = A(y)- 


4 | Composition, Inverse and Intersection of IFCN(G) 


Definition 12. Let A= t,4, 94)EIFCN G) and B= pg, 9g)€ IFCN G) such that ,=r,e'”4eIFCN G) and 
S4= rae and Up=rge'”® and Sg=rpe'”®. We define the composion of A and B as A oBand for all xeG 


we have 
A 0B) x)=( pa, 9a) © Hp, 8p) X)=(}LAoB %), SaoB X))= 
((raorg)(xje"A °WBIO), (r org)(x)elA o WBIOD, 
Such that ra org :G [0,1] and wyzowg: G > [0, 27] and ra org :G > [0,1] and w40 wg :G [0, 27]. 


Now define 


sup T(r A a),TB b)), if x=ab, 
Tq OLB) X)=4 x=ab 


0, if x #ab, 
and 
min{w, a),wpz b)}, if x=ab, 
(wa 0 Wp) X)= 4 x=ab 
0, if x#ab, 
and 
(tq Org) X) = fe S(ra a),TB b)), eam 
0, if “Sab, 
and 
max{w a a),Wa b)}, if x=ab, 
(Wa O Wp) X)= 4 X=ab 
0, if x#ab, 
For all xeG. 


Proposition 4. Let AT=(u47, 947 )EIFS(G) be the inverse of A= La, 84)EIFCN(G) such that for all xeG: 


2 2 -1 = Z 2 
AN(x)=(Ha TX), Sa) =(Ha 7), VAX) =A). 
If T and S be idempotent then A= 14, 84)€IFCN G) if and only if A satisfies the following conditions: 


I. ADA OA. 
Il AZ=A. 


Proof: Let x, y, z€ Gwith x = yz and AcICF N(G). Then 


Il) 


1. 
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ra(x) =ra(yz) = T(ra(y), ra(Z)) = (a O ra)(X), 


and 100 
wa(x) = wa(yz) = min{w a(y), wa(Z)} = (Wa 0 Wa)(x), 

then 
La X)=1,q x)eWA%) > ry org) xjewaowal) = L404) x). (a) 

Also 
ta(x)=ra(yz) <S(ra(y), ra(Z))=(La © La)(X), 

and 


Wa X)= Wa yz)= min|w a y), Wa z)\= Wa OWa) X), 
then 
9, X=1ra eM”) > ra oF) eA) = Ga) x). (b) 


Thus from Egs. (a) and (b) we get that 
A(x) = (Ha), S409) 2 (Haca)), Saoa)0)) = (A 0 A)(X), 
and then ADA oA. 


Il. As Proposition 2, we have that A?(x) = A(x) = A(x) for all xeG. Thus AT=A. 


Conversely, let A 2 AoA and A‘=A and x, y, z €G with x =yz. Since ADA 0 A 80 ra(x) > (r4 Or ,)(X) 
and then 
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tq yZ) = fq X)2 Taora X) = aia T(rq y),TB z)) 2 T(rq y),TA z)). (a) 


wa(x) 2 (wa O Wa)(x) and thus, 

Wa YZ)=Wa X)2 Wa O Wa) X)= min|wa y) WB z)} >{wa y), WA z)\. (b) 
ra(x) S (ta Or,)(x) and then, 

Ta yZ)="q X)Staor, x)= ls S(ra Y), Tp z)) <S(rq y), Ta z)). (c) 


wa(x)S( wa, 0 W,)(x) and so 


Wa YZ)=Wa X)< WaOwa) X)= max{w y)Wa z)} <{wa y),Wa z)\. (d) 
As A'=A so, 

Fa(c)= tat x)=ra x). (e) 

fax |= tf. x)= 14%): (f) 

wa(xt)= wa! x)= Wa X). (g) 

wa(x7)= Wa X)= Wa X). (h) 


Thus from Egs. (a)-(b), we get that AEIFCN(G). 
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Corollary 1. Let A= py, 84)ELFCN G) and B= uz, 9g)€IFCN G) and G be commutative group. Then 
A o BeIFCN(G) if and only if AoB=BoA. 


Proof: If A, B, A o BEIFCN(G), then from Proposition 4 we get that At = A, Bt = Band (BoA) = BoA. 
Now A 0 B= At 0 B! =(BoA)! =B o A. conversely, since A o B = Bo A we have 

(AoB)! =(BoA)! =At 0 Bt =A oB. 
Also 

(Ao B)o(AoB) =Ao0 (Bo A)o0B=A0(A0B)0B=(A0 A) 0 (BoB)CA oB. 


Now Proposition 4 gives us that A o BeEIFCN(G). 


Definition 13. Let A= 114, 94)€IFCN G) and B= ppg, 9g)€ IFCN G) such that, uy=rye™4 and 8, x)= 
rae and pig= rge’”8 and 9, x)=rge'”. define the intersection of A and B as A MB such that for all xeEG: 


(AN B)(x) = ( ta, 8a) 9 Lp, SB))0X) 
=(Hanp(x), VANB(x)) 
=((raNrg)(x)ewarws)0D, ((raN rp)(xjel WAT WIC), 


Such that ry, Org: G > [0,1] and w,Nws: G > [0, 2x] and ta Org G [0,1] and 
wa Nw,:G-— [0,2n] define: 

ra Xp) X)=T(ra x), TA X)), 

wa Ws) X)=min{twa x),Wa X)}, 

ra rp) X)=S(ra x), 6B x)), 

wa We) X)=maxlwa x), We X)}, 

for allx EG. 
Proposition 5. Let A= py, 94)EIFCN G) and B= ug, 9p)€IFCN G). Then ANBEIFCN G). 


Proof: Let A= [1,, 94)€IFCN G) and B= Ug, 9p)€ IFCN G) such that = rae and $4 x)= r,e'4 and 


Up=rpei”® and 9, x)= rgei”®. 


I. Let g1,gzeG. then 


(ra MN rp)(S182) = T a(8i82), TB(S182)) 

= T (T (ra(g1), Fa(82)), T (ea(81), rB(82))) 

= T (T (ra(g1), rB(1)), T A(z), PB(g2))) (Lemma 1) 
= T (taf rp)(g1), fa OWB)2)), 


and thus 


(ra Nrp)(S182) = T (ra NrB)(1), Ca MN rB)(82))- 
Il. If geG, then 


(ra Ora (g)=T (alg), ra(g*))=T (alg), ra(g))=(ra NT B)(g), 
and so raN rp(g7)> ra MTp) g)- 


Ill. If g €G, then 


WaNWp) 2182)= min {wa 2182), WB 8182)} 
=min{min{wa, g1),Wa g2)}, min{wg g1),WpB g2)}} 
=min {min {wa 1),Wp 21)}, min {wg g2),wB g2)}} 
=min{ waM wp) 81), WA MWs8) 82)}, 


and so WaNWs) 8182)=min| waN wp) 81), Wa Nws) g2)}. 


Il) 


IV. Let g €G, so 
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(waNwe)(g 7)=min{w a(g*), we(g*)j}=min{wa g), we g)}=(wanwe)(g), 


and so (wwp)(g7)2(waNwp) 8). 
V. Let g1,g7€G. then 
ra Fp) $182)=$ (ra 8182), FB 8182)) 
<5S (s (ra S1)Ta &2)), S (rp 81), TB 82))) 
=5 (s (ra 81), TB 81), S (ra 82), TB 82))} Lemma 1) 


=S ( ra rp) 81), Fa Mp) g2)), 
and thus 
(raM rB)(8182)SS((CaNr)(81), CaAMrB)(2)). 
VI. If g€G, then 
(ra Nrp)(g7)=S (ra(g*), ra(g'))SS (ra(g), ra(g))=(ta M rB)(g), 


and so ran r)(¢*)s ra OFp) g)- 
VU. Let g,,g2€G. Then 


WaMwp) 2182) = max {Wa 2182), WB 8182) 

< max{max{w, g1),Wa &2)}, max{wg g1),WB Ba)}} 
=max {max {Wa 21),Wp 81)}, max {wa g2),Wp B2)}} 
= max{ WAM Ws) 81), Wa Wp) 82)}, 
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and so waNwsg) 8182)Smax{| Wal We) 81), Wa Ws) g2)}. 
VIII. Let g € G, so 


wanws)(g7)=max{wa(g 7), wp(g7)}<max{wa g), WB g)\= WaMWp) 8), 


and so (w',Nwp)(g7)<(w4NWs) g). 

Then above steps give us that ANBEIFCN(G). 

Corollary 2. Let [,= (1, 2,...,n}. If {Aj=(ua, 84,) |i€ Int CIFCN(G). 
Then A=/)ier, Ai €IFCN(G). 


5 | Normality of ICFN(G) 


Definition 14. Let A= py, 84)EIFCN G) such that wa=ryel4 and 9, x)=r,gei”4. We say that 
A= iy, 8) is normal if for all x, yEG, we have that A(xyx™) = A(y) which means that r,(xyx™) = r,(y) 
and w,(xyx7)= wa(y) and r4(xyx7) =r,(y) and wa(xyx7)=w. y). We denote by NIFCN(G) the set 


of all normal intuitionistic fuzzy complex subgroups with respect to norms (t-norm T and s-norm S). 


Proposition 6. Let A= [1,, 94)ENIFCN G) and B= ppg, 9g)€NIFCN G) such that uy=rye™4 and 
94 x)=raei”4 and ug=rge’™® and 9, x)= rge”®. Then ANBENICEN G). 


Proof: As Proposition 5 we have that ANBELFCN G). Let x, y, EG then 


Mh 


lL (r4 A rp)(xyx) =T(ra(xyx"), rp(xyx")) = T(ra(y), ray) = (ta 0 rp)(y). 


J. Fuzzy. Ext. Appl I. (wa O wg)(xyx*)=min{w a, (xyxt ; we(xyx7 )j=min{w., y), We Y)=(Wa 2M Wp)(y). 
TL. (r4( rp)(xyx") =S(r4 ((xyx"), rp(Xyx™)) = S(ra((y), ta(¥) = (CaCO TB)(y)- 
103 IV. (Wa 0 Wip)(xyx)=max{ws(xyx), we(xyxt)}= maxtws y), We y)}=(Wa Wed(V) 


Then from above steps, we get that 


(A. B)(xyx)=(anp(xyx”), Sanp(xyx))=(Hans(y), Sans(y))=(A 9 By). 
And so ANBENIFCN(G). 
Corollary 3. Let [,=(1, 2, ..., n}. If {A ;=(uay 9a,) |i Tn} GNIFCN(G). Then A=()je1, Ai ENIFCN(G). 


Definition 15. Let A= t14, 84)ENIFCN G) and B= ip, $g)EIFCN G) such that AC B. Then A is called 
normal of B, written ALB, if 


1. ra(xyx7)>T(r4 y), tp x). 
I. wa(xyxt)> min { wa(y), we). 

Il. r a(xyx7)<Sir4 y), Tp X)}. 
IV. wa(xyx7)s max { wa(y), wp(x)}- 


For all x, yeG. 
Proposition 7. If T and S be idempotent and A= Uy, 84)€IFCN G), then ACA. 
Proof: Let x, yeGand A= ly, 84)EIFCN G). Then 

ra(xyx7)2T (rs xy), ra(x")] 

= T(r, xy), Ta x) >T (T(r. x), Ta y)), A x)] 


=T (T(r. i) 0) y)) =T(ra x), ra y))=Tra(y), rAd), 
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and so 


ra(xyxt)> T(r, y),TA x). (1) 


also 


wa(xyx)>min(w_ xy), wax} 
=min{wa xy), Wa X)} 

> min{min{w AX),WaA y) wa x)} 
= min{min{w, x), wa, X)},wa y)} 
=min{wa Xx), wa y)} 

=min{Wa y), Wa X)}, 


Then 


w a(xyx’!)>min{w AY), Wa X)}- (2) 


Now 


ra(xyx7)<s (rs xy), ra(x7)] 
Sel syn) 
<S (s(rs xX), TA y)), TA x)] 
=§ (s(rs x), TA x), ra y)) 
— S(ra x), TA y)) 
= S(ra(y), ra(x)), 
thus 
ra(xyxt)< S(ra Y)TA x). (3) 
Finally, 
w a(xyx"t)<max{w A Xy),W a(x} 
<max{wa xy),Wwa x)} 
< max{min{w A X),Wa y) Lw a X)} 
= max{min{w, x),wa x)},Wa y) 


=max{w a, x),Wa y)} 
=max{wa y), Wa X)}, 


then 
w a(xyx"!)<min{w AY) Wa X)}- (4) 


Then Eqs. (1)-(4) give us that ACA. 


Proposition 8. Let A= p14, 84)ENIFCN G) and B= upg, 9g)€IFCN G) such that pa=rae’4 and 


8, x)=r,ei and jip=rge™® and 3g x)= rge’”8. If T and S be idempotent, then ANBLB. 
Proof: As Proposition 6 we have that ANBENIFCN(G). Let x, yeG then 


(ra Atp)(xyx7)= Tra Gxyx), raxyx) 
= T((ra(y), rp(xyx")) 

> T(rA(y), T(rg(xy), ra) 

> T(ra(y), T(T (tg), rp(y)), ta00)) 

= T(ra(y), T(rp(y), T (tp(x), ra(x)))) 


=T (rs y), T(rp y), Tp x))) 

=T (T(r. y), Tp y)), rp x)] 

= T((ra Mrp)(y), B(x), 
and then 

(cq Orp)(xyxt)ZT((ra MrB)(y), TBO) (5) 
Also 


Il) 
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(waMwe)(xyx7)= min{(w a (xyx™), wa(xyx7)} 
= min{(wa(y), wp(xyx™)} 

> min{wa(y), min{w,(xy), wa(x")}} 

> min{wa(y), min{min{wp(x), wp(y)}, We(x)}} 


105 = min {w AY) min{ws y), Min{ws x), wp »}} 


=min {wa y)min{wp y), WB x)}} 


= min{min{w a(y), wa(y)} wads} 
= min{(waNwp)y), wa}, 


then 

(waNwe)(xyx)=min{(wanws)(y), we}. (6) 
Now 

(c,rp)(xyx7)=S((ra(xyx7), rp(xyx")) 

= S((ra(y), rB(xyx")) 

< S(ra(y), Sta(xy), ta(x)) 


<5 (ra(y), SS(rB(X), ra(y)), ra(x))) 
= S(ra(y), S(rp(y), S(rB(X), ra) 


= (rs y),S(ro y), 18 »))] 


=S (s(rs y), tB y)), rB x)] 

=S((r4 Mp)(y), PBX), 
and then 

(ca Arp)(xyx)<S((ra Arp)(y), FB(X))- 7) 
As 

(waNwe)(xyx7)= min{w a(xyx7), wa(xyx)} 

= min{w a(y), wa(xyx”)} 


> min{w a(y), min{wa(xy), w_(x7)}} 
= min{w a(y), min{min{w p(x), wa(y)}, wBOd} 
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=minjWa y), min{ws y), min{wg xX), WB x)}} 


=min {wa y)min{ws y), Wp x)}} 
= min{min{w a(y), wp(y)}, wB(x)}} 
= min{(wanwep)(y), Wwa(x)}, 

then 


(waNwe)(xyx)=min{(wanws)(y), we}. (8) 
Then Egs. (5)-(8) mean that ANBLB. 
Proposition 9. Let A= py, 94)EIFCN G) and B= Ug, 9g)€IFCN G) and C= tc, 8¢)ELFCN G) such that 


Ua=raei4 and 9, x)=r,ge4 and g=rgei”® and 9, x)=rgei”8 and uc=rcei”C and So x)= rcei¥C 
Let T and S be idempotent and AEC and BEC. Then ANBEC. 


Proof: From Proposition 6 we get that ANBEICFN(G). Now for all x, yeG we get that 


(rq Nrp)(xyx") = T(ra(xyx), ra(xyx")) 
= T(Tra(y), tc(x)), Tray), rc) 

= T(T(rA(y), ra(y)), Te c(x),tc(x))) 

= T(T(ra(y)ta(y)), tc(x)) 106 
= T((ra 1 rp)(y),tcX)), 


and then 


ran rp)(xyx)>T( ta Mfg) y),tc x)). (9) 
Also 

wan we)(xyx7)= min{w a(xyx*), wa(xyx7)} 

> min{min{w AY)We x)|, min{w y) We x)}} 

=min{min{w AY) Wp y)},min{we x),We x)}} 

= min{min{w A y)Wp y)| ,Weo x)} 

= min{(wa M Wp)(y),Wc(Xx)), 
then 

(wa wa)(xyx7)=min{(w aN wp)(y),Wwe(x))- (10) 
As 

(ta tp)(xyx™) =S(ra(xyx"), rp(xyx)) 

<S(S(ra(y), to(x)),S(ta(y), te(x))) 

=S(S(ra(y), ta(y)), S@c(x),tc(x))) 


=S(S(ra(y),tB (y)), rc(x)) 
=S((raMrp)(y) tc), 


so 
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ra Mtp)(xyx)<S( rants) y)tc x). (11) 


Since 


(waNwe)(xyx7?) = max{w a(xyx"), wa(xyx7)} 
<max{max{wa, y),Wc x)}, Max{Wwg y),Wc x)}} 


= max{max{wa y),Wp y)}, Max{Wc x),Wc x)}} =max{ max{w A y)Wp y)}, (12) 
Wc x)} 
= max{(wa NWp)(y),Wc(x)). 
then 
(waNwp)(xyx)<max{(waN we)(y),wel(x)). (13) 


Then as Eqs. (9)-(13) we get that ANBEC. 


Corollary 4. Let [,={1,2,...,n}. If {A j=(Hay 34, {i€ I,,} CIFCN(G) such that {A j=(Hay B4,) [i€ 
[,/EB= Lp, 9p). Then A=()je1, A; SB= Up, 9p). 


6 | Group Homomorphisms and IFCN(G) 


Definition 16. Let A= py, 8,)EIFCNG) and B= up, 8g)eIFCNH) such that pa=r,e'VA 


and 9, x)=r,ei”4 and ug=rgei”8 and Sg x)= rgei”’8. 


Mh 
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Let p :G—H be a group homomorphism. Define: 


@ A)= P(tta), PSa))=(Peae), Peae”))=(P(calel?™), P(ra)ei?))). 
For all A € H define: 


(ra) :-H-[0, 1] as p(ra)(h) = sup{ra(g) | ge G, p(g)=h}, 
p(Wa) :H-[0, 27] as p(wa)(h) =sup{w a(g) | ge G, P(g)=h}, 
(ra) H-[0, 1] as p(ra)(h) = inff{ra(g) | ge G, p(g)=h}, 

nd 


p(w a):H-[0, 27] as p(w a)(h) =inf{w a(g) | ge G, e(g)=h}. 
Also define 


7 B)=(~"(tip), P"'(Sp))=(P Mepe™®), PT rpe™®) )= 
(pUep)e'?), pepe"), 
such that for all geG: 
@'(tp) G>[0, 1] as p"(rp)(g) =rB(@ 8), 
~ (tp) :G[0, 1] as P(rp)(g) =rB(@ g)), 
p(wp) :G>[0,2r] as p'(wp)(g) =wal@ 8), 
op '(wp) :G[0,27] as pt wp) g)=wa(@ g)). 


Proposition 10. Let A= 1,4, $4)€IFCN G) and H be a group. Suppose that @:G— H is a group 
homomorphism. Then @(A)€IFCN(H). 


Proof: Let gy A)= P(L,), 9(8)=(P(raje?), p(ra)eioa))) and h,,h,éH and gy, g,€Gsuch that 
p(S1) = hy and e(g2) = hy. Then 

p(ralhyhz)=supt{ra(gig2) | g1= Ply), 82 =P(h2)} 

zsup{T(ra(gi), rA(g2)) | g1=P(h1), 2 = P(h2)} 

=T(sup{r (1) | g1 =p(hy)}-supt{ra(g2) | 2 =P(h2)}) 

=T(p(ra)(hi), PCa)(h2)), 


and so 

@ ra) hyha)=T(p ra) hi), @ ra) hy)). (14) 
Let g€G and heH such that @(g)=h. Then 

p(ra)(h")=sup{ra(g7)|g7 € G, p(g*)=h"} 

> sup{rA(g) |g? €Gol(g)=h1} 


= sup{rA(g) | g<G, p(g) = h} 
= p(rA)(h), 


and then 

@ ta)(h")2@ ra) h). (15) 
Let h,, hy€H and gy, g,€G with v(g,) = h, and @(g2) = hp. Then 

P(wa)(hyh2)=sup{w a(g1g2) | g1= (hy), 82 =P(h2)} 

2sup{min{wa, g1),wa g2)} | gi=P(hy), g2 = P(h2)} 

= min{sup{w (gj) | g1=9(hy)},sup{w a(g2) Igo =P(h2)}} 

=min{p wa) hy), Pp wa) ho)}, 


and so 


p Wa) hyhy)>min{p wa) hy), Pp wa) hg)}. (16) 


Let g€G and héH such that p(g)=h. Then 


p(wa)(ht)=sup{wa(g) 1g 7 €G, e(g7)=h4} 
> sup{wa(g) |g? €Gol(g)=h} 
= sup{w a(g) | g€G, P(g) = h}= e(wa)(h), 


then 


~ Wa) hyhy)=min{p wa) hy), p wa) hg)}. 


et hy, hy€éH and gy, go€G with (g1) = hy and @(gz) = hy. Then 
p(rahyhy)=inf{ra(gig2) | gi= P(h1), 2 =P(h2)} 
< inf{T(ra(g1), ra(2)) | $1=P(h1), 2 = P(h2)} 
=S(inf{ra(g1) | g1 =p(hy)}.inflra(g2) lg2 =p(h2)}) 
=S(p(ra)(hy), p(ta)(h2)), 


then 


~ Wa) hyhy)>min{p wa) hy), P Wa) ho)}. 
Let hy, hy€H and gy, g€G with p(g,) = h, and @(g2) = hp. Then 


p(rahyhg)=inf{ra(gig2) | gi= P(h1), 82 =P(h2)} 
< inf{T(ra(g1), ra(2)) | S1=P(h), 2 = P(h2)} 
=S(inf{ra(g1) | g1 =p(hy)}.inflra(g2) lg2 =p (h2)}) 
=S(p(ra)(h1), P(ra)(h2)), 


and so 


~ Wa) hyhy)2>min{p wa) hy), P wa) hy)}. 
Let €G and heH such that p(g)=h. Then 


p(ra)(h")=inf{ra(g7)| gt € G, e(g*)=h"} 
<inf{r,(g) |g? €Gol(g)=h} 
=inf{ra(g) | g€G, P(g) = h} 
=(r,)(h), 
and then 
@ ra)(h")<@ ra) h). 
Let hy, hy€H and gy, go€G with p(g,) = h; and ~(g2) = hp. Then 
p(wa)(hyho)=inf{w (182) | g1= Phy), S2 =P(h2)} 
< inf{max{wa g1),Wa 82)} | g1=P(h1), 82 = P(h2)} 
= max{inf{w a(g1) | g1=p(hy)},inf{w a(g2) | g2 =p(h2)}} 
=max{p wa) hy), wa) hg)}, 
and so 


~ Wa) hyhz)<max{p wa) hy), p wa) hy)}. 


Let g€G and heH such that @(g)=h. Then 


p(wa)(h")=inf{wa(g") |g 7 €G, e(g7)=h"} 
< inf{wa(g)| gt €Gol(g)=h} 

= inf{w a(g) | geG, P(g) = h} 

= @(wa)(h), 


then 


@ wa)(h)<@ wa) h). 
Therefore from Eqs. (14)-(22) we get that p(A)EICFN(H). 


(17) 


(18) 


(19) 


(20) 


(21) 


(22) 
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Proposition 11. Let H be a group and B= jp, 9g)€IFCN H) and @ :G >H is a group homomorphism. 
Then g? B)EIFCN G). 


Mh 


Aes Be et Proof: Let B= 1g, 8g)€IFCN H) such that g=rpge® and 3, x)=rgei”8 and yt B)=(pl(rpe? } 
109 pi(rpei® ws) Me Let g,g2€G. Then 
~(tg)(8182) = rp(P(2182)) 
= rp(P(g1)P(g2)) 03) 
> T(rp(P(81)), rB(P(g2))) 
=T(p!(rg)(g1), 9 'eB\(82)), 


and so p" rg) g182)>T (97 rp) 81), 7 TB) 82)). 


~ (rp)(8182)=rB(P(8182)) 
=rp(P(g1)P(2)) 


<T(rp(P(81)), Ta(P(2))) (24) 


=T(p"(rp)(E1), P'(BM(82)), 


and so 7 rp) 8182)S5(¢" rs) 81), 07 Tp) 82))- 


~(wa(8182) = we(P(g182)) 
= wa(P(81)P(82)) 


> min{w,(@ 81)), wa(@ 82))} 
= min{p™ ws) 21), Ws) B2)} 
and so yp" weg) 8182)>min{p" we) 81), P" Wp) 82)}. 


(25) 


(" (wp)(g, 8) = WR(PE,g,)) 
= Wp ) (g,)@(g,)) 
< maz{wp ((z,)) »Wp ((s,)) } 
= max{g"! (wp)(s,), @' (wp) (s)}, 
so @ Wp) 8182)Smax{p" wp) 81), P' Wp) 82)}. 


(26) 
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7 rs)(g*)=rp (o(s*)) =r(p7 g))2rp(9 g))=07 rp) 8), 27) 
7 rs)(g*)=rp (o(s*)) =r(p7 g))<rp(9 g))=07 rp) g), 28) 


et we)(g)=ws (o(s*)) =w3(¢9" g))2wa(@ g))=97 wa) 8), 29) 


7 wa)(g*) =we (o(8)) =w3(¢" g))<wa(@ g))= 97 we) 8): 30) 
Let geG. 


Thus Eqs. (23)-(30) give us that p+ (B)EICFN(G). 


Proposition 12. Let A= p,, 8,4)ENIFCN G) and H be a group. Suppose that g:G-H is a 
homomorphism. Then p(A)ENIFCN(H). 


Proof: Using Proposition 10, we give that p(A)ELFCN(H). Let x, y€H such that p(u)=x and @(w)=y with 
u, wEG. Then 


p(ta(xyx”))=sup{r,(w) | weG, p(w)= xyx7} 

=sup{ra(w) | weG, p(w)=9(u)e(w)p(u™)} 

=sup{ra(w) | w €G, p(w) = e(uwu)} (31) 
=sup{ra(uwu") | w €G, p(uwu)=y} 

=sup{ra(w) | w €G, p(w)=y} 

=(ra(y)), 


so p(ra(xvx)] =9(ra y)) 


p(w a(xyx))=sup{w a(w) | weG, p(w)= xyx}} 

=sup{wa(w) | weG, o(w)=e(u)e(w)p(u)} 

=sup{wa(w) | w € G, p(w) = e(uwu)} (32) 
=sup{wa(uwu’) | w € G, e(uwu)=y} 

=sup{w a(w) | w € G, p(w)=y} 

=9(waly)), 


then 9 (wa(xyx?)) =9(wa y)). 


P(ta(xyx))=inf{r,(w) | weG, p(w)= xyx} 
=inf{r4(w) | weG, p(w) =e (u)e(w)p(u)} 
=inf{r,(w) | w € G, p(w) = e(uwu)} 33) 
=inf{r,(uwu") | w €G, p(uwu)=y} 
=inf{r,(w) | w € G, p(w)=y} 
=e(ta(y)), 
then 9(r,69x"))=(r46)). 
p(w a(xyx))=inf{w a(w) | weG, p(w)= xyxt} 
=inf{w ,(w) | weG, p(w)=e(u)p(w)e(u7)} 
=inf{wa(w) | w €G, e(w) = e(uwu)} G4) 
=inf{w ,(uwu") | w € G, p(uwu)=y} 
=inf{w ,(w) | w € G, e(w)=y} 
=P(wWaly)), 


then (wa xyx))=0(wa y)). 


Thus for all x, yeH and from Eqs. (37)-(34) we get that 


P(A)(xyxT)=(P(Ha) yx), P(S.a) yx) 
=(P(ra(xyx tei? AOIX), O(rA)(xyxteiPwaleyx)) 
=(:— (ra)(y)et? rae), p(ra)(y)e ip(wa)(y)) 

=(P(Hal(y), P(Ba)(y)) 


=9(A)(y), 
Then p(A)ENICFN(H). 


Proposition 13. Let H be a commutative group and B= Lg, 9g)€NIFCN(H). If @ :G >Hbe a group 
homomorphism, then p+(B)ENIFCN(G). 


Proof: From Proposition 11, we get that p? B)EIFCN G). Let x, yeG then 
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(tp) (xyx")=rp(~(xyx")) 


Ih =r (Poy) 
: =rp(P(x)p(y)p"(x)) (35) 
J. Puzzy. Ext. Appl =rp(P (y)) 

=9\(rp)(y), 


111 and thus 7 tp)(xyx7)= ep" rp) y)- 


p(wp)(xyx) = wp(P(xyx7)) 

=wa(P(xJe(y)p(x7)) 

=wa(9(x)p(y)e"(x)) (36) 
=w3(9(y)) 

=p (wp)(y), 


so pt w,)(xyx7)=@7 Wp) y)- 


P'(tp)(xyx7) = ra(P(xyx")) 

=rp(PMe(y)P(x")) 

= rB(Pe(y)P7"(x)) (37) 
= rp(P(y)) 

=~" (rp)(y), 


then pt rp)(xyx7)=971 Tp) Y): 


(wp)(xyx) = wp(P(xyx™)) 
=walP(xely)p")) 
= wa(PX)p(y)~"(x)) (38) 
= we(P(y)) 
="\(wp)(y)- 
thus wa)(xyx7)=97 wp) y). Therefore Eqs. (35)-(38) give us that 


—(rp)(xyx) = rp(p(xyx")) 
=rp(P(x)p(y)e(x)) 
= ra(P)p(y)e7(x)) 
= rp(P(y)) 
= —1(rg)(y), 
Thus p1(B)ENIFCN(G). 
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Proposition 14. Let A= ty, 84)€IFCN(G) and B= pp, $g3)€IFCN(G) such that ALB. 
If p :G—His a group homomorphism, then p(A)E@(B). 


Proof: Let A= uy, 9,4)€IFCN G) and B= ig, 9g)EIFCN G) such that u,=r,e™4 and 9, x)=r,e' and 


Up=rpe'”8 and 9g x)= rge’”8. Using Proposition 10. we will have that 


” A= P(ta), PSa))=(Pa)e*™), p(ra)el?)EICEN H), 
And 


@ B)= 9(up), p(Sp))=(P(ep)e), p(rp)e'?®?) )e ICFN H). 


Let x, yEH and u, veG then 


p(ta)(xyxt)=sup{r,(z) | 6G, p(z)=xyx} 

=sup{ra(uvu) | u, veG, p(u) x, p(v)=y} 

2sup{T(rA(v), ra(u)) | p(w) x, p(v)=y} (39) 
=T(supi{ra(v) | y=p(v)},sup{rg(u) | x=~(u)}) 112 
=T(p(ra)(y), PB)X), 


J. 
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and so p ra)(xyx7)21(p ra) y), @ Tp) x)). 


p(w a)(xyx)=sup{w a(z) | z€G, P(z)=xyx7} 

=sup{wa(uvu) | u, veG, p(u) x, e(v)=y} 

>sup{min{wa, v), Wp u)} | P(u) x, P(v)=y} (40) 
=min{sup{w a(v) | y=P(v)},sup{w,(u) | x=~(u)}} 

=min{p Wa) y),P Ws) X)}, 


and so y wa)(xyxt)>min{p wa) y), P Wp) X)}, 


p(ra)(xyxt)=sup{r(z) | 2€G, p(z)=xyx} 
=inf{r,4(uvu") | u, veG, p(u) x, p(v)=y} 
<inf{S(ra(v), ra(u)) | p(u) x, P(v)=y} (41) 
=S(inf{ra(v) | y=P(v)}inf{rp(u) | x=p(u)}) 
=S(p(ra)(y), PB)(X)), 
thus p ra)(xyx™)<S(p(ral(v), P(rs)0)). 


p(w a)(xyx)=inf{w A(z) | zeG, p(z)=xyx} 

=inf{w,(uvu") | u, veG, e(u) x, p(v)=y} 

<inf{max{w, v), Wg u)} | (u) x, p(v)=y} (42) 
=max{inf{w a(v) | y=9(v)},inflw p(u) | x=p(u)}} 

= max{P Wa) y),P Wp) X)}, 
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and so @ wW)(xyxt)<max{p Wa) Y), P Wp) x)}. 

Thus using Egs. (39)-(42) we will have that p(A)E@(B). 

Proposition 15. Let A= 14, 94)€IFCN(H) and B= jip, 9g)€IFCN(H) such that ACB. 
If p :GHis a group homomorphism, then p71 (A)Ep7 (B). 


Proof: Let A= py, 8,4)€IFCN H) and B= pp, 9g)€IFCN H) such that pa=rae™4 and 9,4 x)=r,eivA 
and ug=rpe'”® and 9g(x)= rye", Using Proposition 11. we will have that 
. . . : ig? : igt 
pt A)=(p*(ua), P'8a))= (PTEale’? ), pT (ra)e'? (4) EICEN G). 
And 


7 B)=(p(up), 085) =(~1rp)e” ), pU(rp)e"?“®))) € ICEN G). 
Let x, y €G, then 


@(a)(xyx) = ra(P(xyx™)) 


iil =ra(p(Xe(y}) 
= ra(e(xo(yp (x)) (43) 
ratlihaes 2 T(ra(p(y)), ra(P)) 


-T(p ra )(y), Ue), 
Then gt ra)(xyx7)2T(p7 ra) y), 9" Fp) x). 
Pl (Wa)(xyx) = wa(P(xyx")) 
=walp(xp(y)p(x")) 
=walep(y)p7 (x) (44) 
2 min{w (9 y)), wa(? x))} 
=min{p wa) y),@7 wp) X)}, 
thus gt wa)(xyxt)>min{p? Wa) Y), Pp? Wg) X)}. 
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Pp (ta)(xyx) =ra(P(xyx")) 
=ra(p~oe(y)p(x")) 
=ra (polyp? (x) (45) 
<S(ra(P(y)), ra(P(X))) 
=S(pT(ra)(y), P"(tB)O)), 
so pT ra)(xyx")<5(p7 ra) y) 97 Tp) %)). 


P(Wa)(xyx)=wa(P(xyx)) 

=walp(e(ye(x")) 

=w a((x)p(y)p7 ()) (46) 
<max{wa(@ y))s wa(? x))} 

= max{p™ wa) y),P~" Wp) X)}, 


thus p7 wa)(xyx)s< max|p7 Wa) Y), 9! Wp) x). 


Thus Eqs. (43)-(46) give us that pt (A)E@"(B). 


Intuitionistic fuzzy complex subgroups with respect to norms (t,s) 


7 | Conclusion and Open Problem 


In this study, intuitionistic fuzzy complex subgroups with respect to t-norm T and s-norm sare defined 
and investigated some properties of them. Later, the inverse, composition, intersection and normality of 
them ate introduced and we proved some basic new results and present some properties of them. Now 
one can investigate intuitionistic fuzzy complex submodules with respect to t-norm T and s-norm S as we 
did and this can be an open problem. We would like to thank the reviewers for carefully reading the 
manuscript and making several helpful comments to increase the quality of the paper. 
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